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Evaluation of Boundary Conditions
for the Gust–Cascade Problem

R. Hixon,¤ S.-H. Shih,† and R. R. Mankbadi‡

NASA John H. Glenn Research Center at Lewis Field, Cleveland, Ohio 44135

Using a high-order-accuracy � nite difference time-domain algorithm, the acoustic scattering from a � at-plate
cascade is computed. Keeping the grid and time step � xed, the effect of four different boundary conditions on
the accuracy, stability, and convergence of the computed solution is compared. Although none of the boundary
conditionstested gaveaperfect solution,theGiles andperfectly matched layerboundaryconditionsperformed well.

Nomenclature
A = gust amplitude
c1, c2, c3 , c4 = one-dimensionalcharacteristics
c 1 = mean speed of sound
E = total energy
f, g = correction variables for Hagstrom boundary

condition
p = pressure
Q, P, W = damping variables in perfectly matched layer

boundary condition
U 1 = mean velocity
u, v = velocities in the x and y directions
x , y = grid coordinate directions
a = gust wave number in the x direction
b = gust wave number in the y direction
c = ratio of speci� c heats
D t = time step
D x , D y = grid spacing in the x and y directions
q = density
r = damping coef� cient in perfectly matched layer

boundary condition
x = gust frequency
0 = perturbationquantity

¯ = mean quantity

Introduction

D ESPITE recent efforts to introduce quieter aircraft, it
is expected that noise will increase as a barrier to air

transportation.1 ¡ 3 For high-bypass jet engines, fan noise becomes
comparable to jet noise.4 With current emphasis placed on jet noise
reduction, fan noise could become the dominant noise source in the
near future. Fan noise can be classi� ed into three main sources5:
inlet boundary layer or in� ow distortions interacting with the fan,
self noise from the fan, and fan wakes interacting with stators or
struts. Both tone noise and broadband noise can be generated.

The gust–cascade interaction can be taken as representing the
interaction of in� ow disturbances with the fan or the interaction
of the fan wakes the stator.6,7 In the simplest gust–cascade model,
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the blades are represented as two-dimensional � at-plate cascades
stacked in the spanwise direction. The in� ow distortions or the fan
wakes are represented by vortical gusts convected with the mean
� ow. The interaction of the gust with the blades produces unsteady
pressure distributionover the blades’ surfaces. If this unsteady sur-
face pressure is coupled to the propagation duct modes inside the
nacelle, the radiated inlet and exhaust sound can be obtained. Clas-
sical work on the gust–cascade problem has relied on approximate
analysis and empirical formulation and is reviewed by Huff.5 The
two-dimensionalgust–cascade interactionhas been studied by Kaji
andOkazaki.8 Three-dimensionaleffectsare consideredbyNamba,9

who pointed out that three-dimensional effects become less im-
portant at high acoustic-response frequencies. Effects of loading
and non-uniform transonic � ow are given by Atassi et al.10 Ef-
fects of camber, thickness, and stagger angles are given in Lorence
and Hall.11

In the present decade, considerableprogress in the relativelynew
science of computationalaero-acoustics (CAA) has been achieved.
In CAA, the unsteady governing equations are discretized and
solved for time-dependent� ow variables, which includes the mean
� ow and the � ow or acoustic disturbances. High-order schemes
are required for discretization to reduce dissipation and dispersion
errors. But high-order schemes support the formation of spurious
modes at the boundaries of the computational domain. Careful at-
tention for unsteady boundary treatment is needed to produce the
physically correct disturbance � eld.

Considerable progress has been made in applying CAA to jet
noise (see review articles by Tam12 and Mankbadi.13 Applicationof
CAA to fan noise is still limited and it is required to demonstrate
� rst the ability of CAA to accurately predict simple models of fan-
noise elements. To achieve this purpose, the gust–cascade model
was considered as a benchmark problem in the second workshop
on benchmark problems for CAA.14 The amplitude of the gust was
taken to be small; thus, either the linearized or the full Euler equa-
tions can be used and comparison with analytical theories can be
made. The objective was to demonstrate what CAA algorithms can
offer as eventual substitute for simpler source models. Several algo-
rithms were used to compute this problem,15 ¡ 17 and the results were
compared to a solution from Hall.18 The computedresults,however,
varied considerably from Hall’s solution and from each other.

It is suspected that the unsteady boundary treatment could be re-
sponsible for the discrepancybetween the preceding simulations of
the same gust–cascade problem. This might be particularly true for
the time-domain simulations, where no exact boundary treatment
exists. This issue is addressed in this paper. We show that the in� ow
and out� ow treatment has considerable in� uence on the solution.
Some boundary treatments are shown to produce satisfactoryagree-
ment with theory given a longer computationaldomain.

Problem Statement
This benchmark problem consists of four � at-plate airfoils in an

unstaggered cascade, shown in Fig. 1. In this problem, a periodic
72
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Fig. 1 Turbomachinery noise benchmark problem.

vortical gust is convected in a uniform mean � ow, impinging on the
� at-plate cascade and radiatingnoise upstream and downstream.At
the in� ow boundary, the mean � ow and vortical gusts are de� ned as

U 1 / c1 = 0.5, ugust = ( Ab / a ) cos( a x + b y ¡ x t )

vgust = A cos( a x + b y ¡ x t ) (1)

where

A = 0.01, a = b = x = 5p /2 (2)

The computational domain is limited to

¡ 2 · x · 3, 0 · y · 4 (3)

This problem is to be solved with either the linearized or the full
Euler equations.The output requested is 1) the real imaginary com-
ponentof the pressure jump across the airfoil, and 2) the intensityof
the radiated sound P̄2 at the in� ow and out� ow boundaries.

Governing Equations and Numerical Formulation
The conservative two-dimensional Euler equations in Cartesian

coordinates are given as:
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where

p = ( c ¡ 1) E ¡ 1
2
q (u2 + v2) (5)

The numerical solver is a high-order accurate � nite difference
time-domain scheme. The spatial derivatives are computed using a
prefactoredsixth-ordercompactscheme19 utilizinganexplicittenth-
order� lter,20 and the time integrationis performedusingHu et al.’s21

5-6 low dispersion and dissipation Runge–Kutta method. The grid
used is a uniform Cartesian grid where D x = D y =0.02. Because
the vortical gust has a wavelength of 0.8, this gives 40 points per
wavelength, which produces a linear dispersion error of 1.e-9.

For all calculations, the time step used was D t = 0.0125, which
corresponds to a Courant–Friedrichs–Lewy number of 1.2.

Boundary Condition Formulation
Thompson Boundary Condition

The Thompson boundary condition22,23 uses a one-dimensional
characteristic theory to determine the proper boundary-condition
speci� cation. In the Thompson method, the boundary condition is
only applied to thederivativesnormal to theboundary;the tangential

derivative terms are considered to be a source term. Thus, Eq. (4)
becomes
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The normal � ux derivative term is then linearized and decom-
posed into one-dimensionalcharacteristics:

(c1)t + (ū ¡ c̄)( p 0
x ¡ ¯q c̄u 0

x ) = 0, (c2)t + ū(c̄2 q 0
x ¡ p 0

x ) = 0

(c3)t + ūv 0
x = 0, (c4)t + (ū + c̄)( p 0

x + ¯q c̄u 0
x ) = 0 (7)

Thus, at the out� ow boundary

q 0 = q ¡ ¯q , u 0 = u ¡ ū

v 0 = v ¡ v̄, p 0 = p ¡ p̄ (8)

However, the incoming vortical gust must be speci� ed at the in� ow
boundary. To accomplish this

q 0 = q ¡ ¯q , u 0 = u ¡ ū ¡ ugust

v 0 = v ¡ v̄ ¡ vgust, p 0 = p ¡ p̄ (9)

The characteristics given in Eq. (7) represent, respectively, the
left-running acoustic wave, the entropy wave, the vorticity wave,
and the right-runningacoustic wave. In Thompson’s approach, the
directionof travelof the characteristicdeterminesif it is propagating
into or out of the domain. The characteristics that are propagating
out of the domain are left unchanged; those propagating into the
domain are set to zero.

Once the characteristics are determined, the time derivatives of
the primitive variables are given as

q t =
[2(c2)t + (c1)t + (c4)t ]

2c̄2
, pt =

(c1)t + (c4)t

2

u t =
(c4)t ¡ (c1)t

2 ¯q c̄
, vt = (c3)t (10)

With the primitive variables now known, the time derivative of
the conserved variables are calculated as

( q u)t = ¯q ut + ū q t , ( q v)t = ¯q vt

Et = 1
2 (ū2) q t + [pt / ( c ¡ 1)] + ¯q ūu t (11)

Giles Boundary Condition

The Giles boundarycondition24 resembles the Thompson bound-
ary conditionin that they are both basedon one-dimensionalcharac-
teristics. However, instead of decomposing the equations into nor-
mal and tangential components, Giles considered only the normal
component and formulated corrections for the effect of the tan-
gential component. Thus, while Thompson’s analysis was geared
toward only normal and tangential one-dimensional waves, Giles’
analysis allows for waves with other angles of incidence.

To apply the Giles boundary condition, the interior equations are
used at the boundary to compute the time derivatives. The one-
dimensional characteristicsare then de� ned as

(c1)t = p 0
t ¡ ¯q c̄u 0

t , (c2)t = c̄2 q 0
t ¡ p 0

t

(c3)t = ¯q c̄v 0
t , (c4)t = p 0

t + ¯q c̄u 0
t (12)

The outgoingcharacteristicsare left unchanged,but the incoming
characteristicsare modi� ed to account for the angle of incidence of
the outgoing wave. At the in� ow boundary

(c2)y = c̄2 q 0
y ¡ q 0

y , (c3) y = ¯q c̄v 0
y , (c4)y = p 0

y + ¯q c̄u 0
y

(13)
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The time derivatives of the characteristicsare computed using

(c2)t + v̄(c2) y = 0

(c3)t + v̄(c3) y + 1
2
[(ū + c̄)(c4)y + (ū ¡ c̄)(c1) y] = 0

(c4)t + (v̄)(c4)y ¡ 1
2
[(ū ¡ c̄)(c3)y ] = 0 (14)

To account for the incoming vortical gust, the variables are de-
composed as shown in Eq. (9). Once the time derivatives of the
characteristicsare known, Eqs. (10) and (11) are used to determine
the time derivatives of the conserved variables.

At the out� ow boundary,only one characteristicis corrected.The
variables are decomposed as shown in Eq. (8), and the tangential
derivatives are taken:

(c1) y = p 0
y ¡ ¯q c̄u 0

y , (c3) y = ¯q c̄v 0
y (15)

The incoming characteristic is updated as

(c1)t + ū(c3)y + v̄(c1) y = 0 (16)

Hagstrom Boundary Condition

Again, like the Giles equations, the Hagstrom boundary
condition25 is formulated in terms of the one-dimensional normal
characteristics:

(c1) = p 0 ¡ ¯q c̄u 0 , (c2) = c̄2 q ¡ p 0

(c3) = ¯q c̄v 0 , (c4) = p 0 + ¯q c̄u 0 (17)

As in the Giles boundary condition, the incoming characteristics
are corrected while the outgoing characteristicsare left unchanged.
However, unlike the Giles boundary condition, the corrections are
determined by solving additional equations at the boundary, with
the user determining how many equations are needed for accuracy.
The effect of these equations is to match to increasing order the
short time expansion of the exact boundary solution.

The in� ow boundary condition takes the following form:

(c2)t = 0, (c3)t + ¯q c̄ ūu 0
y + v̄v 0

y +
1
¯q

p 0
y = 0

(c4)t + v̄(c4) y +
1

2
¯q c̄(c̄ ¡ ū)v 0

y +
1

2

N

ĵ = 1

( f j + g j ) = 0 (18)

Here, f and g are the correction equations,which are given by

( f j )t + (v̄ + C)( f j )y + S(c4)yy = 0

(g j )t + (v̄ ¡ C)(g j ) y + S(c4) yy = 0 (19)

where

C = Ï c̄2 ¡ ū2 cos
j p

2N + 1

S =
(c̄2 ¡ ū2)

2N + 1
sin

j p

2N + 1

2

(20)

For the in� ow condition, the prime terms are de� ned in Eq. (9).
The out� ow condition is written as

(c1)t + v̄(c1)y + ¯q c̄ūv 0
y +

N

ĵ = 1

( f j + g j ) = 0 (21)

Here, the correction equations are given by

( f j )t + (v̄ + C)( f j )y + S( p 0 )yy = 0

(g j )t + (v̄ ¡ C)(g j ) y + S( p 0 ) yy = 0 (22)

For the out� ow equations, the prime terms are de� ned in Eq. (8).

Perfectly Matched Layer

In the perfectly matched layer (PML) boundary condition, a nu-
merical sponge layer is constructed that surrounds the domain of
interest. When a wave propagates into this layer, it is damped with
little or no re� ection, regardless of the angle of incidence or the
wavelength of the incident wave.

The PML used here is that of Abarbanel et al.26 In their approach,
the Euler equations are linearized about a uniform mean � ow in
the x direction. A transformation is applied to the equations, and a
PML layer is constructedmathematically.For the cascade problem,
the sponge layer is only in the x direction; however, the original
derivation includes the y direction terms as well. The reduced PML
equations are given as

u 0
t + Mu 0

x + p 0
x = ¡ r (u 0 + Mp 0 )

v 0
t + Mv 0

x + p 0
y = ¡ r (v 0 + 2Q + r W ) + r x M P

p 0
t + Mp 0

x + u 0
x + v 0

y = ¡ r (Mu 0 + p 0 )

Q t + (1 ¡ M2) p 0
y = 0

Pt = (1 ¡ M2)(v 0 ¡ r P), W t = (1 ¡ M2)Q (23)

Here, the r denotes the damping factor, which varies through the
layer as

r (x) = 40
x ¡ xstart

xend ¡ xstart

2

(24)

To implement these equations into the nonlinear code, the equa-
tions are transformed into

(u 0
t )PML = ¡ r (u 0 + Mp 0 )

(v 0
t )PML = ¡ r (v 0 + 2Q + r W ) + r x M P

( p 0
t )PML = ¡ r (Mu 0 + p 0 ), Q t + (1 ¡ M 2) p 0

y = 0

Pt = (1 ¡ M2)(v 0 ¡ r P), W t = (1 ¡ M2)Q (25)

As before, the prime quantities are determined using Eq. (8) at
the out� ow, and Eq. (9) at the in� ow. This formulation does not
include the density equation; to complete the equation set, the � ow
is assumed to be isentropic:

c̄2( q 0
t )PML = ( p 0

t )PML (26)

Once the PML correctionsare calculated, they are converted into
conservedvariablesusing Eq. (11) and added to the time derivatives
computed using the nonlinear Euler equations.

In all calculations, a 20-point PML layer was employed.

Wall Boundary Condition

On the � at plates, the wall conditionof Tam and Dong27 was used.
In this method, the time derivativeof the velocitynormal to the wall
is set to zero:

( q v)t = 0 (27)

To accomplish this, the time derivative of the normal velocity at
the wall is expanded:

( q uv)x + ( q v2 + p) y = v[( q u)x + ( q v)y]

+ ( q u)vx + ( q v)vy + py = py = 0 (28)

To set the normal pressure derivative to zero, a ghost point was
used inside the wall for only the normal pressure derivative. All
other derivatives are taken with fully one-sided differences.
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At the leading and trailing edges of the plates, the wall condition
is set on both the upper and lower surfaces. To make these points
single-valued,the result is then averaged and used on the upper and
lower surfaces.

Numerical Results
Two tests were performed for each boundary condition. In both

tests, the mean � ow was initialized as

¯q = 1, ū = 0.5, v̄ = 0, p̄ = 1/ c (29)

The perturbationswere initialized as

q gust(x , y, 0) = 0

ugust(x , y, 0) = ¡ q(x)(A b / a ) cos( a x + b y ¡ x t)

vgust(x, y, 0) = ¡ q(x)A cos( a x + b y ¡ x t )

pgust(x, y, 0) = 0 (30)

where

q(x) =
ì
í
î

1 x < ¡ 2
1
2

+ 1
2 cos[( p / 2)(x + 2)] ¡ 2 < x < 0

0 x > 0

(31)

In the � rst test, the cascade is removed from the domain, and
the ability of the boundary condition to allow the � ow to reach a
periodic state is tested. In the second test, the cascade is placed in
the � ow and the result is compared with the semianalytic result.

Test Problem 1: No Cascade

In the � rst test problem, the domain was initialized with the per-
turbationgiven in Eq. (30), and the cascadewas removed. This tests
the implementationof the upstream disturbanceas well as the abil-
ity of the out� ow boundary condition to allow the vortical gust to
convect out without re� ection. The grid for all cases had a uniform
spacing of D x = D y = 0.02.

In these problems, the time history of pressure is shown at two
points,( ¡ 2, 0) and (3, 0). Figures2 and 3 show thepressuretime his-
tory at these two points for the differentboundaryconditions.From
top to bottom, the graphs show the Thompson boundary condition,
the Giles, the Hagstrom boundary condition, using 3 equations, the
Hagstrom boundary condition using 10 equations, and the PML
boundary condition.Notice that the scales are all similar except for
the Thompsonboundarycondition,which does not give an adequate
solution for this problem. Also, the 10-equation Hagstrom condi-
tion does not give a better solution than the 3-equation Hagstrom
boundary condition. This is not surprising, as the Hagstrom BC is
designed to perform well for transients and not for long-term time
marching, and, as the number of auxiliary equations is increased,
the long-time solution may be less accurate.

Fig. 2 Pressure time history at in� ow boundary point ( ¡ 2, 0).

Fig. 3 Pressure time history at out� ow boundary point (3, 0).

Fig. 4 v velocity distribution along y = 0 line.

Fig. 5 Pressure distribution along y = 0 line.

Figures 4 and 5 show the v velocity and pressure distributions
along the y = 0 line. The in� ow vorticity speci� cation is working
well, as shown in Fig. 4. Figure 5 illustrates the pressure error,
which is mainly due to the boundary conditions re� ecting the out-
going vorticity and the acoustic waves generated by the initial vor-
ticity speci� cation. From Fig. 5, the Thompson condition is giving
a much worse solutionthan the other boundaryconditions; the other
boundary conditions have roughly equivalent levels of error.
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Fig. 6 Pressure time history at in� ow boundary point ( ¡ 2, 0).

Fig. 7 Pressure time history at out� ow boundary point (3, 0).

Test Problem 2: Speci� ed Domain Calculation

The next calculations were performed on the speci� ed domain,
which covered ¡ 2 < x < 3. All of the boundary conditions were
tested for this con� guration.

Figures 6 and 7 show the pressure time history at the in� ow and
out� ow boundary points. Some of the data are fragmentary; this is
due to accidental deletions and should be disregarded.

The Thompson boundary condition proved to be unstable due to
re� ections from the in� ow boundary interacting with the cascade
and initiating a nonphysical feedback loop. Figure 6 illustrates the
rapid buildup of pressure in the domain.

The Hagstromboundaryconditionswere very slowly unstablefor
this problem, as the very slow increase in mean pressure in Figs. 6
and 7 show. As expected, adding more equations at the boundary
improved the transient solution; however, the long-time periodic
solutionwas not improved.Also, as more equationswere added, the
solutions took longer to converge. Again, it must be noted that the
Hagstromboundaryconditionwas developedfor transientproblems
and not for long-time periodic problems.

Both the Giles and the PML boundaryconditionsalloweda stable
long-term solution to be calculated. The PML condition required
extra points in the buffer zone; however, it did somewhat improve
the solution at the boundary.

Figures 8 and 9 show the rms pressure results calculated using
these boundary conditions. All solutions were in the same range,
with the PML boundary condition performing slightly better than
the rest.

Figure 10 shows the pressure difference across the y = 0 airfoil
for the Giles boundary condition; all of the stable boundary con-

Fig. 8 Root-mean-square pressure at upstream boundary (x = ¡ 2).

Fig. 9 Root-mean-square pressure at downstream boundary (x = 3).

Fig. 10 Comparison of airfoil pressure distribution with exact
solution.

ditions allowed identical airfoil results to be obtained. The effect
of the numerical singularities at the leading and trailing edge are
illustrated. Wall conditions were applied for the upper and lower
leading- and trailing-edge points, with the results being averaged
and applied to both points.

It must be noted that these singularities are purely due to the
in� nitely thin airfoils prescribed in the problem statement; it is ex-
pected that these singularities are the main factor causing the error
on the airfoil. Future work will address the effects of real airfoil
geometries.
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Test Problem 3: Long Domain Calculation

To quantify the relative effect of the numerical singularities and
the close boundarieson the computedsolution, the same calculation
was performed on a long domain ( ¡ 8 < x < 9) using the same grid
spacing and time step. For these calculations,which required much
more CPU time to converge, only the Giles and PML boundary
conditionswere used.Figure 11 shows that the solutionon theairfoil
does not change as compared to the short domain solution.

Figures 12 and 13 show the computed rms pressure disturbances
at the upstream and downstream locations.Using this long domain,

Fig. 11 Comparison of airfoil pressure distribution for longdomain
solution.

Fig. 12 Upstream rms pressure distribution for long-domain calcula-
tion (x = ¡ 2).

Fig. 13 Downstream rms pressure distribution for long-domain cal-
culation (x = 3).

Fig. 14 Comparison of speci� ed-domain and long-domain instanta-
neous pressure contours with Giles boundary conditions.

both boundary conditions give a solution that is close to the exact
solution in phase, with a greater amplitude. It is theorized that the
errors in the pressureon the airfoil due to the numericalsingularities
are causing the amplitude error. However, the PML out� ow condi-
tion is performingbetter than the Giles out� ow condition, as shown
in Fig. 13.

Figure 14 shows the effect of the extendeddomainon the pressure
contoursusingtheGiles boundarycondition.On the airfoil itself, the
contoursare nearly identical.In the upstreamdirection,the contours
becomedifferentas the in� ow boundaryis approached,showingthat
there is some re� ection from the in� ow boundary condition. In the
downstreamdirection,however, the contours diverge almost imme-
diately after the trailing edge, suggesting that the out� ow boundary
condition is more re� ective than the in� ow.

Conclusions
Several boundary conditions were tested on a CAA workshop

benchmark cascade problem. The problem is very dif� cult due to
numerical singularities in the problem speci� cation as well as the
proximityof the boundaries.Because the problem is periodic in one
direction, the ability of the boundary condition to allow acoustic
and vorticalwaves to exit without re� ection determines the stability
and accuracy of the solution. It was found that the error due to the
numerical singularities at the leading and trailing edges of the � at
plates kept the solver from obtaining the exact amplitude of the
radiated sound; however, the re� ected waves at the boundaries due
to the boundaryconditionskept the solver from obtainingthe correct
radiation pattern, even though the airfoil pressure distribution was
nearly identical.

Of the four boundary conditions tested, the Thompson condition
was found to have the highest re� ection at the boundaries, resulting
in code instability. The Giles condition did reasonably well while
requiring very little extra computational work. The Hagstrom con-
ditiondid not performwell for this problem,but it must be noted that
it is designedfor short-termtransientcalculationsand not long-term
periodic problems such as this one. The PML boundary condition
performedthe best,but requireda 20-pointsponge layer at each end.
However, the performance of the PML condition could most likely
be improved with better speci� cation of the damping coef� cient
distribution in the sponge layer.

It must be noted, however, that all of these boundary conditions
are linearized about the mean � ow, and three of the four are lin-
earized about a uniform mean � ow. Because this test problem had
an identi� able uniformmean � ow, this was a best case test for these
boundary conditions. It is not certain what effect nonuniform mean
� ows and nonperiodicdomains would have on the accuracyof these
boundary conditions.

Currently, boundary condition speci� cation is one of the main
sources of error in time-domain CAA calculations. Work in this
area will yield large dividends.
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